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Background: At the forefront of the nuclear science, production of new neutron-rich isotopes is continuously
pursued at accelerator laboratories all over the world. To explore the currently-unknown territories in the nuclear
chart far away from the stability, reliable theoretical predictions are inevitable.
Purpose: To provide a reliable prediction of production cross sections taking into account secondary deexcita-
tion processes, both particle evaporation and fission, a new method called TDHF+GEMINI is proposed, which
combines the microscopic time-dependent Hartree-Fock (TDHF) theory with a sophisticated statistical compound-
nucleus deexcitation model, GEMINI++.
Methods: Low-energy heavy ion reactions are described based on three-dimensional Skyrme-TDHF calculations.
Using particle-number projection method, production probabilities, total angular momenta, and excitation ener-
gies of primary reaction products are extracted from the TDHF wavefunction after collision. Production cross
sections for secondary reaction products are evaluated employing GEMINI++. Results are compared with available
experimental data and widely-used GRAZING calculations.
Results: The method is applied to describe cross sections for multinucleon transfer processes in 40Ca+124Sn
(Ec.m.' 128.54 MeV), 48Ca+124Sn (Ec.m.' 125.44 MeV), 40Ca+208Pb (Ec.m.' 208.84 MeV), 58Ni+208Pb
(Ec.m.' 256.79 MeV), 64Ni+238U (Ec.m.' 307.35 MeV), and 136Xe+198Pt (Ec.m.' 644.98 MeV) reactions at en-
ergies close to the Coulomb barrier. It is shown that the inclusion of secondary deexcitation processes, which are
dominated by neutron evaporation in the present systems, substantially improves agreement with the experimen-
tal data. The magnitude of the evaporation effects is very similar to the one observed in GRAZING calculations.
TDHF+GEMINI provides better description of the absolute value of the cross sections for channels involving
transfer of more than one protons, compared to the GRAZING results. However, there remain discrepancies be-
tween the measurements and the calculated cross sections, indicating a limit of the theoretical framework that
works with a single mean-field potential. Possible causes of the discrepancies are discussed.
Conclusions: In order to perfectly reproduce experimental cross sections for multinucleon transfer processes,
one should go beyond the standard self-consistent mean-field description. Nevertheless, the proposed method
will provide valuable information to optimize production mechanisms of new neutron-rich nuclei through its
microscopic, non-empirical predictions.
I. INTRODUCTION
To expand our knowledge of the nature of the atomic
nuclei, it is obviously important to produce new neutron-
rich unstable isotopes that have not yet been produced
to date, and study their properties both experimentally
and theoretically. However, the optimal reaction con-
dition, such as projectile-target combinations and inci-
dent energies, to produce such extremely unstable nuclei
is not obvious, and reliable theoretical predictions are
mandatory to guide experiments at current and future
radioactive-ion beam facilities. This paper aims to pro-
vide a predictive model of production cross sections in
low-energy heavy ion reactions.
To describe low-energy heavy ion reactions, vari-
ous models have been developed. Semi-classical mod-
els, called GRAZING [1] and complex Wentzel-Kramers-
Brillouin (CWKB) [2], have shown remarkable successes
in describing multinucleon transfer (MNT) processes in
peripheral collisions [3]. The GRAZING code was ex-
tended to include effects of transfer-induced fission in
competition with particle evaporation [4]. A possible
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drawback of those models lies in insufficient description
of deep-inelastic processes at small impact parameters.
On the other hand, different theoretical approaches have
also been developed: e.g. a dynamical model based on
Langevin-type equations of motion [5–12], dinuclear sys-
tem model (DNS) [13–28], and improved quantum molec-
ular dynamics model (ImQMD) [29–38]. Although those
models can describe both peripheral and damped colli-
sions, including fusion and quasifission (QF) processes,
they are to some extent empirical containing model pa-
rameters. In order to provide a reliable prediction to
produce new neutron-rich isotopes, it is desirable to have
less adjustable parameters as possible. In the present pa-
per, a method is developed to predict production cross
sections based on a microscopic framework of the time-
dependent Hartree-Fock (TDHF) theory.
The TDHF theory allows to describe nuclear dynamics
microscopically from nucleonic degrees of freedom. The
theory itself was proposed in 1930 [39], and its application
to nuclear systems already started about forty years ago
[40, 41]. Since then, it has been developed as an omnipo-
tent tool, rooted with the time-dependent density func-
tional theory (TDDFT), to study nuclear structure and
dynamics in a unified way [42–45]. Recently, we have ap-
plied the theory to study MNT and QF processes in vari-
ous systems at energies around the Coulomb barrier [46–
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251]. Applying particle-number projection (PNP) method
[52], transfer cross sections were evaluated based on the
TDHF theory. Comparisons with measured cross sections
revealed that the theory, being with no adjustable param-
eters, can describe transfer cross sections quite well in ac-
curacy comparable to the existing models [46]. However,
the calculated cross sections were of primary (excited)
reaction products which are to be deexcited through par-
ticle evaporation and/or fission. Because of this fact dis-
crepancy arises when compared with experimental data,
especially for channels accompanying transfer of many
nucleons. The TDHF description of production cross sec-
tions has thus been beset with the absence of deexcitation
processes that limits its predictive power.
In this paper, a method, called TDHF+GEMINI, is
proposed to cure the drawback of the TDHF descrip-
tion. Namely, secondary deexcitation processes of pri-
mary reaction products, both particle evaporation and
fission, are simulated employing a state-of-the-art statis-
tical model, GEMINI++ [53]. Those secondary processes
are difficult to investigate within TDHF, because of, e.g.,
its much longer timescales. The inputs of statistical-
model calculations, spin and excitation energy of pri-
mary reaction products, are extracted from the TDHF
wavefunction after collision, using an extended PNP
method [47]. The method is applied to 40,48Ca+124Sn,
40Ca+208Pb, 58Ni+208Pb, 64Ni+238U, and 136Xe+198Pt
reactions for which measured cross sections are available.
To demonstrate the accuracy of the proposed method is
the main purpose of this work.
It has been appreciated that TDHF provides valuable
insight into complex many-body dynamics of low-energy
heavy ion reactions. However, it works with a single
mean-field potential which is deterministically associated
with the initial condition. In other words, fluctuations in
collective space is absent in the TDHF dynamics. Indeed,
it has been shown that the theory is optimized to describe
the expectation value of one-body observables [42, 54],
and fluctuations of them are known to be severely un-
derestimated [55–58]. How and to what extent beyond-
mean-field fluctuations play a role in MNT reactions is an
open question. Moreover, inter-nucleon correlations are
also not included in TDHF. Outcomes of MNT reactions
may reflect effects of inter-nucleon correlations, because
of possible transfer of a correlated-pair or a cluster of
nucleons. Recently, it has become possible to pursue mi-
croscopic simulations of heavy ion reactions including the
pairing correlations [59–66]. It should be noted here that
the proposed method can, in principle, be extended to
incorporate with the pairing correlations. In the present
paper, however, we will focus on a treatment without
pairing and leave further extension/application to include
the pairing correlations as a future task. Nevertheless, it
has to be noted here that, by extending the application
of the theoretical framework based on the TDHF theory
as far as possible, this work will shed light on the valid-
ity of the theoretical framework that works with a single
mean-field potential, without inter-nucleon correlations.
The article is organized as follows. In Sec. II, the
methodology of TDHF+GEMINI is outlined. In Sec. III,
numerical results for various reactions are presented and
are compared with available experimental data. In
Sec. IV, a summary of the present work is given.
II. TDHF+GEMINI
In this Section, we focus on the analysis of the TDHF
wavefunction using the PNP method and its coupling
with statistical-model calculations. For details of the
TDHF theory and its application to nuclear systems, see,
e.g., Refs. [41–45], and references therein.
A. Cross sections for primary products
Let Aµ, Zµ, and Nµ, respectively, be mass, charge, and
neutron numbers of a projectile (µ = P) and a target
(µ = T). The total numbers of neutrons and protons in
the system are N (n) = NP + NT and N
(p) = ZP + ZT,
respectively. The total number of nucleons is denoted as
A = N (n) +N (p).
Suppose that we have performed a TDHF calculation
for a reaction at a given energy E and an impact pa-
rameter b, and we observed generation of binary reaction
products. Now we have a many-body wavefunction at a
certain time t = tf after collision, which is given by a
single Slater determinant:
Ψ(r1σ1q1, . . . , rAσAqA, tf) =
1√
A!
det
{
ψ
(qj)
i (rjσj , tf)
}
,
(1)
where ψ
(q)
i (rσ, tf) is ith single-particle orbital at t = tf
with spatial, spin, and isospin coordinates, r, σ, and q,
respectively. Our aim is to evaluate production cross sec-
tions for secondary reaction products based on the TDHF
wavefunction after collision, Eq. (1).
Because of possible nucleon transfer processes, the
TDHF wavefunction after collision is, in general, not an
eigenstate of a number operator in a subspace V that con-
tains one of the reaction products, but a superposition of
states with different particle-number distributions:∣∣Ψ〉 = ∑
N,Z
∣∣ΨN,Z〉, (2)
where N and Z specify neutron and proton numbers of a
reaction product inside the spatial region V , respectively.
Here and henceforth, brackets, such as
∣∣Ψ〉 and ∣∣ψ(q)i 〉, are
often used omitting indexes to simplify notations.
∣∣ΨN,Z〉
can be expressed as∣∣ΨN,Z〉 = Pˆ (n)N Pˆ (p)Z ∣∣Ψ〉, (3)
where Pˆ
(q)
n is the PNP operator for neutrons (q = n) or
protons (q = p),
Pˆ (q)n =
1
2pi
∫ 2pi
0
ei(n−Nˆ
(q)
V )θdθ. (4)
3Nˆ
(q)
V is the number operator for neutrons (q = n) or
protons (q = p) in the spatial region V ,
Nˆ
(q)
V =
∫
V
N(q)∑
i=1
δ(r − rˆi) dr =
N(q)∑
i=1
ΘV (rˆi), (5)
where
ΘV (r) =
{
1 for r ∈ V,
0 for r /∈ V. (6)
The probability that a reaction product composed of
N neutrons and Z protons is produced, PN,Z , is given by
PN,Z =
〈
ΨN,Z
∣∣ΨN,Z〉 = P (n)N P (p)Z . (7)
Note that PN,Z is a product of probabilities for neutrons
P
(n)
N and for protons P
(p)
Z in TDHF. These probabilities
can be expressed in terms of the single-particle orbitals
as
P (q)n =
1
2pi
∫ 2pi
0
einθ detB(q)(θ) dθ, (8)
where (B(q)(θ))
ij
=
∑
σ
∫
ψ
(q)∗
i (rσ)ψ
(q)
j (rσ, θ) dr
≡ 〈ψ(q)i ∣∣ψ(q)j (θ)〉 (9)
with
ψ
(q)
i (rσ, θ) =
[
ΘV¯ (r) + e
−iθΘV (r)
]
ψ
(q)
i (rσ). (10)
By repeating TDHF calculations for various impact
parameters b at a given incident energy E, we obtain
PN,Z(b, E). The production cross section for a primary
reaction product composed of N neutrons and Z protons
before secondary deexcitation is then given by
σN,Z(E) = 2pi
∫ bcut
bmin
b PN,Z(b, E) db, (11)
where bmin is the minimum impact parameter for binary
reactions, inside which fusion reactions take place; bcut is
a cutoff impact parameter for the numerical integration.
Note that if bcut is chosen large enough it merely affects
magnitude of the cross section for the elastic scattering.
B. Total angular momentum
In Ref. [47], the PNP method has been extended to
calculate the expectation value of operators. The method
allows to evaluate the total angular momentum, J , of a
reaction product in each transfer channel, which is an
input of a statistical-model calculation.
The idea [47] was to introduce operators for a reaction
product inside the spatial region V . In the case of the
total angular momentum operator, it can be expressed as
JˆV =
A∑
i=1
ΘV (rˆi) jˆi, (12)
where jˆi = (rˆi −Rc.m.)× pˆi + sˆi. Rc.m. is the center-of-
mass position of the reaction product, pˆi and sˆi are the
momentum and the spin operators, respectively,
The expectation value of the total angular momentum
of a reaction product composed of N neutrons and Z
protons is then defined as
JN,Z =
〈
ΨN,Z
∣∣JˆV ∣∣ΨN,Z〉〈
ΨN,Z
∣∣ΨN,Z〉 = J (n)N + J (p)Z . (13)
It satisfies an identity,
〈
Ψ
∣∣JˆV ∣∣Ψ〉 = ∑N,Z PN,ZJN,Z .
The contribution from neutrons (q = n) or protons
(q = p) is given by
J (q)n =
1
2piP
(q)
n
∫ 2pi
0
einθ detB(q)(θ)
N(q)∑
i=1
〈
ψ
(q)
i
∣∣jˆ∣∣ψ˜(q)i (θ)〉V dθ,
(14)
where
ψ˜
(q)
i (rσ, θ) ≡
N(q)∑
j=1
ψ
(q)
j (rσ, θ)
(B(q)(θ))−1
ji
. (15)
Note that {ψ˜i(θ)} are biorthonormal to {ψi}, i.e.,〈
ψi
∣∣ψ˜j(θ)〉 = δij . The subscript V of the bracket in
Eq. (14) indicates that the spatial integration is taken
only over the spatial region V . In practice, the total an-
gular momentum perpendicular to the reaction plane will
be used as an input for statistical-model calculations. It
will be denoted simply as JN,Z .
C. Excitation energy
Applying the PNP method, we can also evaluate the
excitation energy, E∗, of a reaction product in each trans-
fer channel [47]. The energy expectation value of a reac-
tion product composed of N neutrons and Z protons is
defined as
EN,Z =
〈
ΨN,Z
∣∣HˆV ∣∣ΨN,Z〉〈
ΨN,Z
∣∣ΨN,Z〉 , (16)
where HˆV is a Hamiltonian for a reaction product in-
side the spatial region V . There also follows an identity,〈
Ψ
∣∣HˆV ∣∣Ψ〉 = ∑N,Z PN,ZEN,Z .
In practice, one may work with an energy density func-
tional (EDF). In such a case, EN,Z is given by
EN,Z =
1
4pi2P
(n)
N P
(p)
Z
∫ 2pi
0
∫ 2pi
0
ei(Nθ+Zϕ)
×detB(θ, ϕ)
∫
V
E(r, θ, ϕ) dr dθ dϕ, (17)
4where detB(θ, ϕ) = detB(n)(θ) detB(p)(ϕ). E(r, θ, ϕ) de-
notes an EDF kernel which has the same form as the EDF
used, but is composed of complex mixed densities, e.g.,
ρq(r, θ) =
∑
i,σ ψ
(q)∗
i (rσ)ψ˜
(q)
i (rσ, θ), etc.
For our purpose, Eq. (16) or Eq. (17) should be eval-
uated in the rest frame of the reaction product in order
to remove kinetic energy associated with center-of-mass
translational motion. Regarding it as internal energy of
the reaction product, excitation energy can be evaluated
as
E∗N,Z = EN,Z − Eg.s.N,Z , (18)
where Eg.s.N,Z denotes energy of a nucleus specified by N
neutrons and Z protons in its Hartree-Fock ground state.
D. Cross sections for secondary products
Having PN,Z , JN,Z , and E
∗
N,Z at hand, we can apply a
statistical model to obtain production cross sections for
secondary reaction products. In this paper, GEMINI++
[53] is employed. For a given set of (N , Z, E∗, J), GEM-
INI++ provides a sequence of statistically-selected binary
decays, including both particle evaporation and fission,
until it becomes energetically forbidden or improbable
due to competing γ-ray emission.
Because of its statistical nature, a different sequence
of binary decays can be obtained with the same set of
(N , Z, E∗, J). To evaluate decay probabilities, one may
repeat computations of a binary-decay sequence, let’s say,
Ntrial times. Among the obtained Ntrial decay sequences,
one can count the number of processes in which a se-
quence of deexcitation processes of a primary reaction
product composed of N neutrons and Z protons ends up
with a nucleus specified by N ′ neutrons and Z ′ protons.
Then, denoting it as NN ′,Z′ , the decay probability for the
process (N,Z)→ (N ′, Z ′) can be defined by
Pdecay(E
∗
N,Z , JN,Z , N, Z;N
′, Z ′) =
NN ′,Z′
Ntrial
. (19)
The number Ntrial sets a lower limit on the decay proba-
bilities, since processes with Pdecay. 1/Ntrial will not be
taken into account.
The cross section for a secondary reaction product after
evaporation and/or fission processes is then evaluated as
σ˜N ′,Z′(E) = 2pi
∫ bcut
bmin
b P˜N ′,Z′(b, E) db, (20)
where P˜N ′,Z′ denotes the probability that a reaction
product composed of N ′ neutrons and Z ′ protons is pro-
duced after secondary deexcitation processes:
P˜N ′,Z′ =
∑
N≥N ′
∑
Z≥Z′
PN,ZPdecay(E
∗
N,Z , JN,Z , N, Z;N
′, Z ′).
(21)
Note that the input quantities, PN,Z , JN,Z , and E
∗
N,Z ,
are dependent on the incident energy E and the impact
parameter b.
E. Computational details
For the TDHF calculation and the PNP analysis, our
own computational code has been extended and applied
[48]. In the code, single-particle orbitals are represented
on three-dimensional Cartesian coordinates (without any
symmetry restrictions) with isolated boundary condi-
tions. The lattice spacing is set to 0.8 fm. Spatial
derivatives are computed with 11-point finite-difference
formula. For time evolution, 4th-order Taylor expan-
sion method is used with a single predictor-corrector step.
The time step is set to 0.2 fm/c. Coulomb potential is
computed using Fourier transformations. For the EDF,
Skyrme SLy5 functional [67] is employed.
Note that results of the PNP analysis with Eqs. (7),
(13), and (16) are invariant under unitary trans-
formations for the single-particle orbitals, ψ′i(rσ) =∑
j Uijψj(rσ), where U is a unitary matrix: it only
changes the phase of the many-body wavefunction, i.e.,
Ψ′ = detU Ψ. Thus, the quantities are well-defined and
the results may merely depend on the accuracy of the
numerical integration and the choice of the spatial re-
gion V . The latter is expected to be small in the case
where reaction products are well separated spatially. In
the present analysis, V is taken as a sphere with a radius
RV around the center-of-mass of a reaction product. In-
deed, it has been confirmed, by varying RV from 11 fm
to 15 fm for the 40Ca+124Sn system, that JN,Z and EN,Z
of lighter fragments are affected only less than 0.01 ~ and
a few tens of keV, respectively.
The numerical integration over the gauge angle [0, 2pi]
is performed using the trapezoidal rule with an M -point
uniform mesh. PN,Z and JN,Z can be stably computed
for all transfer channels and do not depend on M , if it is
taken larger than M ≈ 100–200 for the systems analyzed
in the present paper. The accuracy of EN,Z , on the other
hand, is somewhat worse, which depends on the proba-
bility PN,Z . For example, for different values of M (200–
500), EN,Z varies roughly several keV for a main process
with PN,Z ≈ 10−1, whereas for a process with smaller
probabilities, PN,Z ≈ 10−5, difference can be several hun-
dreds of keV. Moreover, absolute value of EN,Z becomes
unphysically large for processes with tiny probabilities,
PN,Z . 10−5, as was observed for a lighter system [47].
In the present paper, M = 300 and RV = 15 fm are uti-
lized. It ensures at least 1-MeV accuracy of EN,Z , which
would be sufficient for the present purpose of quantifying
effects of secondary deexcitation processes on production
cross sections.
The ground-state energy of nuclei, Eg.s.N,Z in Eq. (18),
is computed employing a cubic box with 20.8 fm on
each side. The mesh spacing is set to 0.8 fm, as in the
TDHF calculations. To find the energy minimum solu-
tion, avoiding those in local minima, static Hartree-Fock
calculations are first performed with constraints on var-
ious deformation parameters (β = 0, and β = 0.1, 0.2
with γ = 0◦, 30◦, 60◦). After getting a moderately con-
vergent solution, the constraints on β and γ are released,
5and the energy is re-minimized. The state with the low-
est energy among the seven candidates is regarded as the
Hartree-Fock ground state. The ground-state energies of
various isotopes with Z ≤ 35 are prepared for the evalua-
tion of excitation energies of respective transfer products.
Equal-filling treatment is adopted for odd number of nu-
cleons, where the last nucleon resides in a time-reversal
pair of orbitals with half occupation.
To describe secondary processes, the statistical
compound-nucleus deexcitation model, GEMINI++ [53],
is employed. GEMINI++ is an improved version of a sta-
tistical model, GEMINI, developed by R.J. Charity [68].
It takes into account not only evaporation of light par-
ticles, i.e., n, p, d, t, 3He, α, 6He, 6−8Li, and 7−10Be,
with the Hauser-Feshbach formalism [69], but also emis-
sion of heavier fragments with a binary-decay formal-
ism of L.G. Moretto [70], as well as fission based on the
Bohr-Wheeler formalism [71]. The default setting of the
code is used for all reactions analyzed in the present pa-
per. The ingredients of the statistical model have been
parametrized and determined so as to allow a good sys-
tematic description of the evaporation spectra for the en-
tire mass region. Detailed discussions on various mod-
ifications and fine-tuning of the model parameters that
were implemented in the GEMINI++ code can be found in
Refs. [72, 73]. It has been tested, for all the systems under
study (see Table I), that Ntrial = 100, 1000, and 10000
provide almost identical cross sections. (Even Ntrial = 10
gives very similar cross sections, because of neutron evap-
oration dominance in those reactions.) In the following,
results obtained with Ntrial = 1000 are presented.
III. RESULTS AND DISCUSSION
In the present paper, TDHF+GEMINI is applied to
six reaction systems listed in Table I, for which precise
experimental data are available. One should note that
the reactions investigated cover a range of systems which
are expected to show different properties of the reaction
dynamics. In reactions of projectile and target nuclei
with different N/Z ratios, the charge equilibration pro-
cess takes place [80], where neutrons and protons are
transferred toward the opposite directions, to reduce the
N/Z imbalance of the colliding nuclei. Fusion reaction in
a system with a large charge product exceeding a critical
value, ZPZT & 1600, is known to be substantially hin-
dered [81]. Those characteristic quantities are also listed
in Table I.
A detailed analysis of the TDHF results for MNT
processes in the 40,48Ca+124Sn, 40Ca+208Pb, and
58Ni+208Pb reactions was carried out in Ref. [46]. Re-
cently, TDHF calculations for MNT and QF processes
in the 64Ni+238U reaction were also performed. Com-
prehensive discussions on interplay between orienta-
tions of deformed 238U and quantum shells in the re-
action dynamics can be found in Ref. [50]. Here,
the same TDHF wavefunctions are re-analyzed applying
TDHF+GEMINI.
TABLE I. A list of information of the reactions investigated.
System Ec.m. (MeV) NP/ZP NT/ZT ZPZT Expt.
40Ca+124Sn 128.54 1.00 1.48 1000 [74]
48Ca+124Sn 125.44 1.40 1.48 1000 [75]
40Ca+208Pb 208.84 1.00 1.54 1640 [76]
58Ni+208Pb 256.79 1.07 1.54 2296 [77]
64Ni+238U 307.35 1.29 1.57 2576 [78]
136Xe+198Pt 644.98 1.52 1.54 4212 [79]
TDHF calculations for the 136Xe+198Pt reaction have
been newly performed. The ground state of 136Xe and
198Pt turned out to be slightly deformed in a triaxial
shape with deformation parameters, (β ' 0.06, γ ' 29◦)
and (β ' 0.12, γ ' 33◦), respectively. Those nuclei
were placed in such a way that the axis around which∣∣Q22∣∣ takes the smallest value is set perpendicular to the
reaction plane. TDHF calculations were performed for
various impact parameters in a range of [0, 12] (fm). No
fusion reaction was observed for all impact parameters.
Reaction mechanisms including incident energy depen-
dence will be investigated in the forthcoming paper. In
this paper, we will focus on the production cross sections
for the Ec.m. ' 644.98 MeV case.
It would be useful to first digest success and failure of
the TDHF description. Because of the microscopic na-
ture of the TDHF theory, it was not known, before our
study [46], that to what extent TDHF can quantitatively
describe cross sections for MNT processes. By perform-
ing a number of TDHF calculations for various impact
parameters b and by plugging PN,Z(b) into Eq. (11), one
can evaluate production cross sections for primary reac-
tion products, based on the TDHF calculations. It should
be noted here that no empirical parameters are intro-
duced that can be adjusted to reproduce experimental
data.
The calculations were first performed for the
40,48Ca+124Sn, 40Ca+208Pb, and 58Ni+208Pb reactions
[46]. In Figs. 1–4, production cross sections for lighter
(projectile-like) fragments are shown. Cross sections are
classified according to the number of transferred pro-
tons x, indicated by (±xp; X), where X stands for the
corresponding element. The plus sign corresponds to pro-
ton transfer from the target to the projectile (pickup),
while the minus sign corresponds to the opposite (strip-
ping). The horizontal axis is the neutron number of the
fragments. Experimental data are shown by red filled
circles. The cross sections for primary reaction products
obtained from the TDHF calculations [46] are shown by
red filled areas.
It is evident from the figures that TDHF nicely
captures the main features of the reaction dynam-
ics. In the reactions with a large N/Z asymmetry
(40Ca+124Sn, 40Ca+208Pb, and 58Ni+208Pb), neutron-
pickup and proton-stripping are favored, because of the
charge equilibration process (Figs. 1, 3, 4). On the other
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FIG. 1. Production cross sections for lighter fragments in
the 40Ca+124Sn reaction at Ec.m. ' 128.54 MeV. Each panel
shows cross sections for different proton-transfer channel. The
horizontal axis is the neutron number of the fragments. Red
filled circles denote the experimental data [74]. Red filled ar-
eas represent TDHF results for primary reaction products.
Cross sections for secondary reaction products obtained with
TDHF+GEMINI are shown by blue solid lines. For compar-
ison, GRAZING results [82] are also shown by green shaded
histograms.
hand, in the 48Ca+124Sn reaction where N/Z ratios of
the projectile and the target are already very close to
each other, the number of transferred nucleons becomes
very small on average, resulting in transfer of neutrons
and protons in both directions (Fig. 2).
From a careful look at the figures, one can see that
TDHF quantitatively reproduces the measured cross sec-
tions for few-nucleon transfer processes: e.g. processes
with pickup of a few neutrons in (0p), (±1p), and (−2p)
proton-transfer channels. The agreements are notewor-
thy, since no adjustable parameters are included in the
calculations. However, there exist discrepancies between
the TDHF results and the experimental data. Namely,
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FIG. 2. Same as Fig. 1, but for the 48Ca+124Sn reaction at
Ec.m. ' 125.44 MeV. The experimental data were reported in
Ref. [75].
10-3
10-2
10-1
100
101
102
103
 16 20 24 28 32
(+1p; Sc)
σ
 
(m
b)
 16 20 24 28 32
Expt. S. Szilner et al.
(0p; Ca)
 16 20 24 28 32
(-1p; K)
TDHF
TDHF+GEMINI
 16 20 24 28 32
(-2p; Ar)
40Ca+208Pb (Ec.m.≈ 208.84 MeV)
GRAZING w/ evap.
10-3
10-2
10-1
100
101
102
103
 16 20 24 28 32
(-3p; Cl)
σ
 
(m
b)
 16 20 24 28 32
(-4p; S)
NEUTRON NUMBER
 16 20 24 28 32
(-5p; P)
 16 20 24 28 32
(-6p; Si)
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were also analyzed, getting very similar results (not shown).
The experimental data were reported in Ref. [76].
the measurements show that substantial cross sections
for fragments with a smaller number of neutrons emerge
when more than one protons are transferred. TDHF fails
to reproduce the observed tendency. Moreover, cross sec-
tions for multi-proton stripping processes are consider-
ably underestimated by the TDHF calculations. On the
other hand, in the 40Ca+208Pb and 58Ni+208Pb reac-
tions, TDHF overestimates cross sections for pickup of
many neutrons in (0p), (−1p), and (−2p) channels. The
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FIG. 4. Same as Figs. 1–3, but for the 58Ni+208Pb reaction
at Ec.m. ' 256.79 MeV. The experimental data were reported
in Ref. [77].
7latter originated from trajectories at small impact param-
eters accompanying large energy losses, where dynamics
of a thick-neck formation and its breaking is responsible
for the amount of nucleon transfer (see Ref. [46] for a
detailed discussion).
One can expect that the discrepancies may be reme-
died by including secondary deexcitation processes in the
TDHF description. After transfer of many nucleons re-
action products can be highly excited, and what were
measured experimentally must be the cross sections for
secondary products after deexcitation processes. For ex-
ample, if neutrons were evaporated from primary reaction
products, the resulting cross sections would shift toward
less neutron-number side, the left direction in the figures;
if protons were emitted to the continuum, then the cross
sections would be re-distributed to channels classified as
a process with a larger number of stripping of protons. It
is now feasible to disentangle the possible origins of the
discrepancies owing to TDHF+GEMINI.
In Figs. 1–4, the cross sections for secondary reaction
products obtained with TDHF+GEMINI are represented
by blue solid lines. In the evaluation of the cross sec-
tions, the PNP calculations for JN,Z and E
∗
N,Z presented
in Secs. II B and II C, respectively, were fully performed
for all impact parameters investigated. For comparison,
online GRAZING calculations [82] which include neutron-
evaporation effects were also performed, and the results
are shown by green shaded histograms.
From the figures, one can see that the inclusion of sec-
ondary deexcitation processes improves the description.
For instance, TDHF+GEMINI quantitatively reproduces
the experimental data, mainly for neutron-pickup pro-
cesses, accompanying stripping of several protons. The
description of the overestimated cross sections of neutron-
pickup processes for (0p), (−1p), and (−2p) channels in
the 40Ca+208Pb and 58Ni+208Pb reactions is also im-
proved. However, the effects of secondary deexcitation
processes are not large enough to remedy all the discrep-
ancies between the TDHF results and the experimental
data. The peak positions of the cross sections still locate
at the larger neutron-number side compared to the ex-
perimental data. Note that the magnitude of evaporation
effects is very similar to the one observed in the GRAZING
calculations as well as our prior attempts [83, 84] with a
simple evaporation model developed by I. Dostrovsky et
al. [85].
It is worth emphasizing here that, although the peak
positions are different compared to the experimental
cross sections, its absolute value is well reproduced by
TDHF+GEMINI up to around (−4p) channel. The
widely-used GRAZING calculations provide few orders of
magnitude smaller cross sections, when more than one
protons are transferred. In Refs. [76, 77], the 40Ca+208Pb
and 58Ni+208Pb reactions were analyzed by the CWKB
semi-classical model. It provides quantitatively very sim-
ilar results as the GRAZING calculations, i.e., the ab-
solute values of the cross sections for (−xp) (x ≥ 2)
channels were substantially underestimated. The au-
thors of Refs. [76, 77] phenomenologically introduced
pair-transfer modes to explain the experimental data. Al-
though they could obtain better description of the cross
sections by adjusting an additional macroscopic form fac-
tor to reproduce the experimental cross section for pure
two-proton stripping process without neutron transfer,
i.e., (0n,−2p) channel, the validity of the hypothetical
pair-transfer modes was unclear. The present results in-
dicate that the pair-transfer processes may play a minor
role, at least for the above-barrier MNT processes, as the
absolute value of the cross sections for (−2p) channel is
well reproduced without pairing by TDHF+GEMINI.
The remained discrepancies between the results of
TDHF+GEMINI and the experimental data would
rather suggest a limit of the theoretical framework. For
example, although we could obtain cross sections for
various transfer channels using the PNP method, they
merely come from distribution around the average trajec-
tory described by a single Slater determinant. Because
of this fact, the peak positions are strongly correlated
with the average number of transfered nucleons. Since
we do not have a mean-field potential for, e.g., (−6p)
channel, the underestimation of multi-proton stripping
processes may be an artifact of the usage of the single
mean-field potential. In reality, the potential should be
transfer-channel dependent. When many protons are re-
moved from the projectile, for instance, the potential felt
by neutrons inside the proton-removed (proton-added)
nucleus would become shallower (deeper) that may sup-
press/enhance neutron pickup/stripping processes. This
transfer-channel dependent potential may explain the ob-
served discrepancies. Part of the effects may be seen
as beyond-mean-field fluctuations and correlations. One
should note, however, that possible underestimation of
evaporation effects has not been excluded yet. For in-
stance, E∗N,Z and JN,Z that were used for the statistical-
model calculations are the expectation values of energy
and angular momentum of a reaction product in each
transfer channel and, thus, are averaged over all possi-
ble quantal states populated by the reaction. However,
these quantities should have certain distributions, and
substantial part of evaporation processes might originate
from components which are not in the vicinity of the
mean values. Those distributions may not adequately be
described within the TDHF theory, since for evaluation
of the variance of them proper description of two- and
four-body observables is necessary. In addition, e.g., the
neglected prompt (pre-equilibrium) nucleon emissions be-
fore compound-nucleus formation and any underestima-
tion of negative Q-value effect would enhance the par-
ticle evaporation. In any case, the present results by
TDHF+GEMINI suggest that, in order to fully repro-
duce experimental cross sections for MNT processes, one
should extend the theoretical framework that goes be-
yond the TDHF theory: e.g. a variational method of
Balian and Ve´ne´roni [54, 58], stochastic mean-field the-
ory (SMF) [86, 87], time-dependent density matrix theory
(TDDM) [88–91], time-dependent generator coordinate
method (TDGCM) [92, 93], multiconfiguration TDHF
(MCTDHF) [94, 95], and so forth.
8It should be emphasized here that, although there
still remain certain discrepancies as discussed above,
TDHF+GEMINI will be a powerful tool, especially for
systems for which no experimental data exist, to figure
out optimal conditions to produce objective neutron-rich
isotopes, as a microscopic model without empirical pa-
rameters that has better accuracy than the widely-used
semi-classical models. In the following, let us thus con-
sider further applications of TDHF+GEMINI.
Although it is possible to perform the PNP calculations
for JN,Z and E
∗
N,Z as shown above, it requires quite large
computational effort. For reactions involving heavy nu-
clei, for instance, the number of discreet points for the
numerical integration over the gauge angles θ and ϕ is
typically a few hundreds. Then, to evaluate Eqs. (14)
and (17), one needs to compute derivatives of 3D complex
spatial functions many times, which could be as time-
consuming as a TDHF calculation. Moreover, to compute
the excitation energies with Eq. (18), one has to compute
the energy of nuclei in their Hartree-Fock ground state
in a wide mass region. It would also be problematic if
one wants to change the working EDF, then the ground-
state energies have to be re-computed for the evaluation
of E∗N,Z . One may consider to use experimental masses
for ground-state energies, Eg.s.N,Z , however, then the result
would be dependent on quality of the EDF itself.
Since it is not desirable to pay much effort for the
computation of the input parameters of the statistical-
model calculations, let us consider a simpler evaluation.
Namely, one may replace E∗N,Z and JN,Z in Eq. (19) with
average quantities that can be easily obtained from the
TDHF wavefunction after collision. At the time t = tf
after collision, one can compute the average total angular
momentum as
J¯ =
〈
Ψ
∣∣JˆV ∣∣Ψ〉 = A∑
i=1
〈
ψi
∣∣jˆ∣∣ψi〉V , (22)
where operators JˆV and jˆ are those for the component
perpendicular to the reaction plane. One can also com-
pute such quantities as average mass and charge numbers,
Ai and Zi (i = 1, 2), the relative vector connecting the
center-of-mass positions of the reaction products, R, and
its time derivative, R˙. Then, the average total kinetic
energy (TKE) of the outgoing fragments reads:
TKE =
1
2
µR˙2 +
Z1Z2e
2
|R| , (23)
where µ = mnA1A2/(A1+A2) is the reduced mass, being
mn the nucleon mass. From this quantity, average total
excitation energy shared by the two fragments may be
evaluated as
E¯∗tot = E − TKE−Q, (24)
where E is the incident relative energy and Q denotes
the Q value of the reaction. By putting the actual Q
value for each transfer channel, E∗tot becomes effectively
transfer-channel dependent. To evaluate the Q value for
each transfer channel, experimental masses from the lat-
est atomic mass evaluation, AME2016 [96, 97], are uti-
lized, whenever available; for nuclei whose mass has not
been measured experimentally, theoretical values from
the newest version of the finite-range droplet model,
FRDM(2012) [98], are adopted. One may distribute the
total excitation energy to respective reaction products in
such a way that it is proportional to their mass:
E¯∗N,Z =
N + Z
A1 +A2
E¯∗tot. (25)
It is equivalent to assume that the thermal equilibrium
is realized before formation of the fragments. The as-
sumption may not always be correct especially in a tran-
sitional regime from quasielastic to deep-inelastic reac-
tions. However, since in such a regime energy loss is not
that large and secondary processes play less important
role, genuineness of the assumption may not be signifi-
cant.
The results of TDHF+GEMINI calculations with the
average quantities, E¯∗N,Z and J¯ , are presented in Figs. 5–
8 by blue shaded histograms. As seen in the figures, this
treatment provides quantitatively similar results as those
obtained with the elaborated PNP calculations (shown
in Figs. 1–4). For some channels, evaporation effects are
less pronounced (e.g. for the 40Ca+124Sn reaction shown
in Fig. 5), which might be due to the assumption that
the excitation energy is shared as it is proportional to
fragment masses. On the other hand, the angular mo-
mentum effects on neutron evaporation processes turned
out to be negligibly small in the reactions investigated.
It may play a certain role in fission processes of heav-
ier fragments, and the validity of using J¯ should be re-
examined for such cases. Nevertheless, the results shown
in Figs. 1–8 may support the usage of the average values
for the evaluation of secondary deexcitation processes,
significantly reducing the computational cost. In the fol-
lowing, TDHF+GEMINI is applied to the 64Ni+238U and
136Xe+198Pt reactions employing the simpler treatment
with the average values, E¯∗N,Z and J¯ , for statistical-model
calculations (We will keep the usage of Eq. (25) as a sim-
ple, conservative choice).
Figure 9 shows production cross sections for the
64Ni+238U reaction at Ec.m. ' 307.35 MeV. Although
238U is largely deformed in a prolate shape, it has been
shown that MNT processes in peripheral collisions do not
depend much on the nuclear orientations [50]. Here, the
results of side collisions (z-direction case in Ref. [50]),
where the symmetry axis of 238U is always set perpen-
dicular to the reaction plane, are shown for better vis-
ibility. (Other cases resulted in quantitatively similar
cross sections.) Since the 64Ni+238U reaction has a rela-
tively large N/Z asymmetry, neutron-pickup and proton-
stripping processes dominate the nucleon transfer. The
agreement and disagreement are indeed similar to the
40Ca+124Sn, 40Ca+208Pb, and 58Ni+208Pb cases shown
in Figs. 1, 3, 4 (and 5, 7, 8). A characteristic feature spe-
cific to the 64Ni+238U reaction is that cross sections
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FIG. 5. Same as Fig. 1 for the 40Ca+124Sn reaction at
Ec.m. ' 128.54 MeV, but cross sections by TDHF+GEMINI
with a simpler treatment of E∗ and J (see text for details)
are shown by blue shaded histograms, instead of GRAZING
results.
were measured also for proton-pickup processes, (+1p)
and (+2p). While GRAZING substantially underestimates
those cross sections, especially for the (+2p) channel,
TDHF+GEMINI provides significant cross sections, even
greater than the experimental data. In TDHF, the lat-
ter originated from a transitional regime from quasielas-
tic to more complicated reactions, like deep-inelastic and
QF processes. Indeed, if we exclude contributions from
small impact parameters (b . 4 fm), where energy loss
is already saturated [50], the overestimation of cross sec-
tions for proton-pickup processes can be removed, leaving
cross sections for proton-stripping processes almost un-
affected. Similarly, the “shoulders” due to the overesti-
mation of neutron-pickup processes seen in Figs. 3 and 4
for the 40Ca+208Pb and 58Ni+208Pb reactions can be re-
moved if one excludes contributions from small impact
parameters, where the onset of mass equilibration pro-
cess through a thick-neck formation and its breaking is
observed [46]. However, all figures in the present paper
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FIG. 6. Same as Fig. 5, but for the 48Ca+124Sn reaction at
Ec.m. ' 125.44 MeV.
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FIG. 7. Same as Figs. 5 and 6, but for the 40Ca+208Pb
reaction at Ec.m. ' 208.84 MeV.
show cross sections obtained by integration over the full
impact-parameter range, avoiding any ad hoc manipula-
tion of the obtained results.
The primary goal of this work is to predict optimal con-
ditions to produce new neutron-rich unstable isotopes.
Aiming at production of neutron-rich nuclei around the
neutron magic number N = 126, whose properties are
crucial to understand the detailed scenario of the r-
process nucleosynthesis, an experiment was recently car-
ried out for the 136Xe+198Pt reaction [79]. In Ref. [79],
production cross sections for heavier (target-like) frag-
ments were deduced from detected outcomes with respect
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FIG. 8. Same as Figs. 5–7, but for the 58Ni+208Pb reaction
at Ec.m. ' 256.79 MeV.
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FIG. 9. Production cross sections for lighter fragments in the 64Ni+238U reaction at Ec.m. ' 307.35 MeV. Each panel shows
cross sections for different proton-transfer channel. The horizontal axis is the mass number of the fragments. Cross sections
associated with side collisions are shown (see text). Cross sections for secondary products evaluated by TDHF+GEMINI (with
E¯∗N,Z and J¯ as in Figs. 5–8) are shown by blue solid lines. The experimental data were reported in Ref. [78]. GRAZING results
[82] are also shown by green shaded histograms, for comparison.
to lighter (projectile-like) fragments, obtaining promising
results. Thus, the comparison with the experimental data
for this system and TDHF+GEMINI is expected to be a
benchmark to check the accuracy and usefulness of the
proposed method.
In Fig. 10, production cross sections for the
136Xe+198Pt reaction at Ec.m. ' 644.98 MeV are shown.
It should be noted here that the projectile and the tar-
get have very similar N/Z ratios (cf. Table I), and one
expects transfer of neutrons and protons toward both
directions (similar to the 48Ca+124Sn reaction shown
in Figs. 2 and 6). By comparing the cross sections
for primary (red filled areas) and secondary (blue solid
lines) reaction products, one can see significant effects
of deexcitation processes. For proton-stripping channels
(−xp), TDHF+GEMINI reproduces the measurements
surprisingly well, both the magnitude and the centroid
of the cross sections for the secondary products. On
the other hand, too large deexcitation effects are ob-
served for proton-pickup channels (+xp). This type of
disagreement is peculiar to the 136Xe+198Pt reaction.
The experimental data indicate that reaction products in
proton-pickup channels might be less excited compared
to those in proton-stripping channels. Note that GRAZ-
ING also provides similar magnitude of evaporation ef-
fects, although the absolute value of the cross sections
are substantially underestimated.
Lastly, it is to be reminded that TDHF+GEMINI also
allows to evaluate production cross sections for heavier
fragments, where transfer-induced fission is expected to
play an important role. Detailed investigation of produc-
tion mechanisms of heavy neutron-rich nuclei which are
survived against transfer-induced fission as well as parti-
cle evaporation is the next step of this work.
IV. SUMMARY
In this paper, a method, called TDHF+GEMINI, has
been proposed, which enables us to evaluate production
cross sections for secondary products in low-energy heavy
ion reactions. In the method, the reaction dynamics, on
the timescale of 10−21–10−20 sec, is described microscopi-
cally based on the time-dependent Hartree-Fock (TDHF)
theory. Production probabilities, total angular momenta,
and excitation energies of primary reaction products are
extracted from the TDHF wavefunction after collision,
using the particle-number projection method. Based on
those quantities derived from TDHF, secondary deexci-
tation processes of primary reaction products, including
both particle evaporation and fission, are described em-
ploying the GEMINI++ compound-nucleus deexcitation
model.
The method was applied to 40,48Ca+124Sn,
40Ca+208Pb, 58Ni+208Pb, 64Ni+238U, and 136Xe+198Pt
reactions for which precisely-measured experimental
cross sections are available. The inclusion of deexcitation
effects, which are dominated by neutron evaporation
in the present cases, changes the cross sections toward
the direction consistent with the experimental data.
However, there still remain discrepancies between the
measured cross sections and the TDHF+GEMINI
results, especially for multi-proton transfer processes.
It may indicate the importance of description going
beyond the standard self-consistent mean-field theory
to correctly describe multinucleon transfer processes in
low-energy heavy ion reactions.
In conclusion, it has been demonstrated that, even
though some discrepancy still remains, the combina-
tion of TDHF and a statistical model offers an excellent
11
10-3
10-2
10-1
100
101
102
103
 120  135  150
(+4p; Ce)
σ
 
(m
b)
 120  135  150
(+3p; La)
Expt. Y.X. Watanabe et al.
 120  135  150
(+2p; Ba)
TDHF
TDHF+GEMINI
 120  135  150
(+1p; Cs)
136Xe+198Pt (Ec.m.≈ 644.98 MeV)
GRAZING w/ evap.
 120  135  150
(0p;    Xe)
 120  135  150
(-1p; I)
 120  135  150
(-2p; Te)
MASS NUMBER
 120  135  150
(-3p; Sb)
10-3
10-2
10-1
100
101
102
103
 120  135  150
(-4p; Sn)
σ
 
(m
b)
FIG. 10. Same as Fig. 9, but for the 136Xe+198Pt reaction at Ec.m. ' 644.98 MeV. The experimental data and the GRAZING
results were taken from Ref. [79] (see [99] for a comment on this point).
starting point toward a complete modeling of low-energy
heavy ion reactions. It is important to stress that, in the
proposed method, there is no room to adjust the model
parameters specific to each reaction: energy density func-
tional is determined so as to reproduce known properties
of finite nuclei and nuclear matter [67]; GEMINI++ [53]
and its ongoing developments [72, 73] allow a systematic
reproduction of a large body of data for the entire mass
region. Therefore, it will be a promising tool that can
predict, in a non-empirical way, optimal reaction mech-
anisms to produce new neutron-rich isotopes that have
not yet been produced to date.
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